Abstract. We discuss two ways that the ring of coeffients for a TQFT can be reduced if one may restrict somewhat the allowed cobordisms. When we apply both methods to a TQFT associated to SO(3) and an odd prime p, we obtain a functor from a somewhat restricted cobordism category to the category of free finitely generated modules over a ring of cyclotomic integers : Z[ζp], if p ≡ −1 (mod 4), and Z[ζ4p], if p ≡ 1 (mod 4), where ζ k is a primitive kth root of unity. As a corollary, we obtain representations of central extensions of the mapping class groups of surfaces defined over rings of integers. We obtain some results on the quantum invariants of prime power order simple cyclic covers of 3-manifolds. We discuss new invariants coming from strong shift equivalence and integrality.
Introduction
For each odd prime p, we define a functor from a 3-dimensional cobordism category to the category of finitely generated free modules over D p , the cyclotomic ring of integers: Z[ζ p ], if p ≡ −1 (mod 4), and Z[ζ 4p ], if p ≡ 1 (mod 4), where ζ k is a primitive kth root of unity. The 3-dimensional cobordism category has only 'targeted' morphisms. A connected morphism to a non-empty surface is necessarily 'targeted. ' The cobordism category has some extra structure to remove the framing anomaly: surfaces are equipped with Lagrangian subspaces of their rational first homology. 3-dimensional cobordisms are equipped with integer weights.
The modules associated to a surface Σ, denoted S p (Σ), are free, and come equipped with a nonsingular Hermitian form: ( , ) Σ,p : S p (Σ)×S p (Σ) → D p . One obtains in this way representations of central extensions of the mapping class group into the isometries of this form. One also obtains representations of the subgroup of the mapping class group which fixes a specified Lagrangian subspace.
If we extend the coefficients to D p [ context, we prove the integrality of quantum invariants of 3-manifolds with first Betti number nonzero. We obtain restrictions on the quantum invariants of 3-manifolds with simple cyclic group actions of prime order. In this context, we obtain the integrality of Turaev-Viro polynomials of knots [5, 7] . The surface modules obtained in §2 are not necessarily free. In §3 we summarize the 3-dimensional cobordism theory that we will be using in the later sections. It is essentially due to Walker [26] . §3 also includes a discussion of strong shift equivalence class invariants of infinite cyclic covers.
In §4 we describe a new cobordism subcategory, where we restrict the weights of cobordisms by a congruence modulo two. This is a necessary ingredient in the proof that S p (Σ) is free, in the case p ≡ 1 (mod 4). It seems likely that, if one restricts to this 'index two' cobordism category, one should be able to obtain functors, related to the TQFT functors defined by Turaev with initial data a modular category, but without taking a quadratic extension of the ground ring of the modular category as is sometimes needed in [24, p.76] .
In §5, we adapt the TQFTs of Blanchet, Habegger, Masbaum, and Vogel to the cobordism theory of §3. This allows us to work over slightly localized cyclotomic rings with roots of unity of smaller order. This is also necessary for the proof of that S p (Σ) is free. This theory, denoted (V p , Z p ), is defined for all integers p ≥ 3. i.e. p need not be a prime. See §5 for the definition of coefficient ring in the case when p is not prime.
In §6, we show how the theories of (V p , Z p ), when restricted to the cobordism subcategory of §4, yield functors (V + p , Z p ) defined over cyclotomic rings with roots of unity of smaller order. We do this assuming p ≡ 1 (mod 4) or p ≡ 2 (mod 4). We have used this result to give a new TQFT proof of a result of Miyazaki [20] : the (2, 1)-cable of the figure eight knot is not a homotopy ribbon knot. This knot is algebraically slice and fibered. We use a variant of [7, Theorem (1. 2)] as well as calculations therein. This will be described in a future paper.
In §7, we apply the construction of §2 to the (V p , Z p ) theory, in the case where p is an odd prime or twice an odd prime, obtaining functors (S p , Z p ). In §8, we apply the methods of §2 to (V + p , Z p ) obtaining functors (S + p , Z p ), when p is either an odd prime and p ≡ 1 (mod 4) or when p is twice an odd prime.
§9 has a lemma about class groups which allows us to prove that S p (Σ) is free in the case p ≡ −1 (mod 4) and that S + p (Σ) is free in the case p ≡ 1 (mod 4). The freeness of S p (Σ) in the case p ≡ 1 (mod 4) follows from that of S + p (Σ). §10 has some consequences for SO(3) quantum invariants of 3-manifolds with simple cyclic group actions of prime order.
It is very desirable to have explicit bases for the free modules S p (Σ) for each odd prime p. In joint work with Gregor Masbaum, and Paul van Wamelen, we have found such bases for surfaces of genus one and two without any colored banded points. Thomas Kerler has found a functor from a restricted cobordism category to the category of free modules over D 5 , which becomes the (V 5 , Z 5 )-functor, when we extend the coefficients to D 5 [ We close the paper with a conjecture about divisibility of quantum invariants in §11. The case p = 5 has been obtained in joint work with Thomas Kerler. We make use of Kerler's D 5 -modules. Theorems 1, 3, and 5 were first announced at Knots 2000, August 2000, Yongpyong Resort, Korea. At that time, Theorem 5 was known only for p < 23, when the class number of Z[ζ p ] is one. Theorem 5 without this restriction was announced at the "Low dimensional topology" special session at the A.M.S. meeting in New Orleans in January 2001. Theorem 1 is stated here with a slightly different restricted cobordism category C ′ and a slightly different module S(Σ) associated to a disconnected surface Σ. One reason we made these modifications is so that Proposition 1 would hold.
We would like to thank Stavros Garoufaldis, Thomas Kerler, Gregor Masbaum, Jorge Morales, and Paul van Wamelen for helpful discussions.
Reduction of ring of coefficients for targeted morphisms
In this section we work axiomatically. We will use Turaev's concepts of space structure, and of cobordism theory [24, ChapterIII] . Let A and B be space structures compatible with disjoint union, and A is involutive. Suppose (B, A) forms a cobordism theory.
We define a category C whose objects are A-spaces. A morphism of C from Σ 1 to Σ 2 is an equivalence class of a pair consisting of a B-space M, and an A-homeomorphism (called a boundary identification) of ∂M to −Σ 1 ⊔ Σ 2 . Two B-spaces with boundary identification are considered equivalent if there is a B-homeomorphism between them which preserves the boundary identification. Composition is defined by gluing of B-spaces. A category formed in this way is called a cobordism category.
Let K be a commutative integral domain with identity. Let Mod(K) denote the category of finitely generated projective K-modules.
Let (V, Z) denote a functor which assigns to objects of C objects of Mod(K) and assigns to morphisms of C morphisms of Mod(K).
For ease of expression in this section, we will sometimes call the objects surfaces, and the morphisms 3-manifolds. In later sections, 'surface' will mean surface, and '3-manifold' will mean 3-manifold. We will assume that (V, Z) satisfies the following three axioms. We note that the anomaly-free TQFT that Turaev constructs from a modular category will satisfies these axioms as well as have the trace property. See Definition 6 below for the trace property. The same holds for a 3-dimensional TQFT in sense of Blanchet-Habegger-Masbaum-Vogel which satisfies their surgery axioms (S0) and (S1).
This element is called a C-vacuum state and is denoted by [N ] . If N is connected, we say [N ] is a connected C-vacuum state for Σ. Functors satisfying the following axiom without the connectivity condition are called 'cobordism generated' by [2] , and 'nondegenerate' by [24] . 
where N 1 : ∅ → Σ and N 2 : ∅ → −Σ.
Moreover this form has an injective adjoint homeomorphism:
Note the if N : Σ → Σ ′ is targeted and N is nonempty, then Σ ′ is nonempty. Also N cannot be closed if it is targeted. Note that the composition of targeted morphisms is targeted.
Definition 2. Let C ′ be the subcategory of C, with the same objects as C, but with only targeted morphisms
In particular, we have a commutative diagram of categories and functors:
Proof. By Axiom 2, we pick a finite set of generators:
where T i : ∅ → −Σ are connected. By Axiom 3, and the almost D-integrality property, we have an injective map
. But a submodule of D n is necessarily finitely generated and projective [12, Proposition 10.12]
The following corollary was suggested by [4] . Note that we can define the characteristic polynomial of an endomorphism in Mod(K). This is because we can pass to the field of fractions of K. The following corollary together with §7 and §8 answers [5, Conjecture 1 p.256] when p is an odd prime or twice an odd prime. 
Definition 6. (V, Z) is said to have the trace property if for any
Suppose M is a connected B-space with empty boundary, and π : M ∞ → M is a connected infinite cyclic covering space. We would like to be able to choose a bicollared A-space Σ (called a slitting surface) in M such that :
• M \ Σ is the interior of a B-space N with ∂N = X 1 ⊔ −X 2 where each X i is equipped with a A-homeomorphism to Σ.
• There is a section s of π |π −1 (M \Σ)
• M is the closure of N when regarded as an endomorphism of Σ.
Definition 7. C is said to have the slitting property if we can choose a slitting surface Σ for any infinite cyclic cover of a closed connected B-space M . We say C has the connected slitting property, if we can choose Σ, so that, in addition, N is connected.
From now on, suppose that every B-space is locally path connected and semi-locally 1-connected. We do this so that one can form covering spaces corresponding to subgroups of the fundemental group. Proof. M is the closure of an endomorphism in C ′ . So < M >= Trace Z(N ). This is a coefficient of the characteristic polynomial, and so, by Corollary 3, lies in D.
A Z d -covering spaceX of X is said to be simple if it is classified by a map H 1 (X) → Z d which factors through an epimorphism χ to Z. If M is closed,M is a simple Z d -covering space of M, and C has the slitting property, thenM inherits an A-structure once we make a choice of slitting surface for χ. We will say this is a compatible A-structure. (In the cases of interest, this is independent of the choice of slitting surface.)
Note that if M is closed, andM is a simple Z d -covering space of M, then both M andM have first Betti number greater than zero and so < M > and <M > already lie in D by Corollary 4. 
which will be injective if the natural map
is injective.
One may define a bilinear pairing s Σ : S(Σ) × S(−Σ) → D with an injective adjoint
• K is equipped with an involution denoted z →z.
• (B, A) is an involutive cobordism theory in the sense of Turaev
Then we have a nonsingular Hermitian form :
Hence we may define a Hermitian form
some 3-dimensional involutive cobordism theories
We recall the space structures A e , B w , and the resulting 3-dimensional involutive cobordism theory (B w , A e ) as described by Turaev [24] . The idea to use Lagrangians and integral weights as extra data to resolve anomalies in TQFT is due to Walker [26] . We are influenced by both sources.
To simplify the exposition, we work initially with bare manifolds which are not decorated with colored banded graphs. These will be added later.
A A e -space or an extended surface [24, IV.6.1] is an oriented compact surface Σ together with a choice of a Lagrangian subspace ℓ(Σ) for H 1 (Σ, Q) with respect to the intersection pairing. i.e. ℓ(Σ) is a subspace of H 1 (Σ) which is self-annihilating with respect to the intersection pairing on H 1 (Σ). An e-homeomorphism between extended surfaces is a homeomorphism which preserves the orientation and the Lagrangian subspaces. Note that we have departed from Turaev's treatment by taking Lagrangian subspaces of H 1 (Σ, Q) rather than H 1 (Σ, R). This is necessary for our description of a cobordism subcategory in §4.
As described in [26, Section 1], one should think of ℓ(Σ) as a remnant of a 3-manifold P whose boundary is −Σ. The kernel of the map on H 1 (Σ, Q)→H 1 (P, Q) induced by the inclusion is a Lagrangian subspace of H 1 (Σ, Q). We will call such a P a Σ-coboundary.
A B w -space or a weighted extended 3-manifold [24, IV.9.1] is an oriented compact 3-manifold N equipped with an integer weight w(N ), whose boundary is equipped with an A e -structure. The empty 3-manifold ∅ is only allowed the weight zero.
As described in [26, Section 1], one should think of the weight of a B-space N as the signature of some background 4-manifold whose boundary is the result of capping N off with some ∂N -coboundary.
Suppose N is a weighted, extended 3-manifold and ∂N = X ⊔ Y ⊔ Z, and g : X→ − Y is a e-homeomorphism. Here X, Y, and Z are extended surfaces in their own rights, i.e. they each have their own Lagrangian subspaces. In this situation the result N ′ of gluing X to Y by g is defined [24, p 214] . w(N ′ ) is defined using w(N ), ℓ(∂N ) and the Maslov index or Wall nonadditivity correction term. Here is a 4-manifold interpretation of this formula. Let P X be an X-coboundary, and P Z be a Z-coboundary. Pick P Y , a Y -coboundary such that g extends to an orientation preserving homeomorphism of P X to −P Y . Let W be an oriented 4-manifold with boundary N ∪ X P X ∪ Y P Y ∪ Z P Z whose signature is w(N ). Let W ′ be the result of gluing
It is, of course, important that w(N ′ ) can be computed from w(N ), ℓ(X), ℓ(Y ), ℓ(Z), and the homological properties of N, X, Y, and Z. In particular, it gives us a manageable algebraic description of the extra data needed to remove anomalies. However the 4-manifold interpretation is useful. We use it to prove Proposition 2, Theorem 3, and Proposition 3.
We note that the cobordism theory (B w , A e ) has the connected slitting property. Recall the Hirzebruch signature defect [10] which has a somewhat simpler definition in the case of simple covers:
IfM → M is a simple Z d covering of closed 3-manifolds, it is the boundary of a simple
The following Proposition follows directly from the definition and the 4-manifold interpretation of induced weights. An analogous result for any finite regular cover with the σ-invariant of p 1 -structures playing the role played here by weights of extended weighted 3-manifolds is given in [6, Lemma 4].
Proposition 2. IfM → M is a simple Z d covering of weighted 3-manifolds then w(M
From now on, we simply let C denote the cobordism category associated to the cobordism theory (A e , B w ) as in §2. Note Id Σ : Σ→Σ is given by Σ × I weighted zero.
We now considered some associated decorated cobordism theories. Let p be an integer greater than or equal to 3. A A e p -space is a A e space with a p-colored banded set of points. Here p-colored means labelled with nonnegative integers less than p. A A ȇ p -space is a A e p -space with only even colors. A B w p -space is a B w space with some p-colored banded graph [2, §4] . A B w p is a B w p -space with only even colors. Let C p denote the cobordism category associated to the cobordism theory (A e p , B w p ). Let Cp denote the cobordism category associated to the cobordism theory (A ȇ p , B w p ).
We let C ′ , C ′ p , and C ′p denote the subcategories of these categories with the same objects, but only targeted morphisms.
C has the connected slitting property. In particular, if M is a connected closed morphism in C and χ : H 1 (M ) → Z is an epimorphism, we can find Σ and a connected N as in the previous section. N is a connected fundamental domain for the infinite cyclic cover of M specified by χ. The decorated theories also have this connected slitting property.
Strong shift equivalence is a concept due to R.F. Williams which comes from symbolic dynamics [16, 27, 14] . Originally defined for square matrices with non-negative entries, this notion is meaningful in any category. An elementary equivalence between two morphisms E 1 and E 2 in a category is a pair of morphisms (R, S) in the category such that E 1 = RS, and E 2 = SR. Strong shift equivalence is the relation on morphisms in the category which is generated by elementary equivalences. We state a version of a previous theorem of ours from [8] Knot invariants result when we take M to be 0-framed surgery along the knot, with a meridian colored c. For example the analog of the Bowen-Franks invariant in this situation [16, 14] is the D-module given by the cokernel of Z(N ) − 1 : S(Σ) → S(Σ).
An 'index two' cobordism subcategory
We now define a useful subcategory of the cobordism category C. For this we wish to specify a homologically standard Σ-coboundary. Given an extended surface Σ, build P (Σ) (non-uniquely) in four steps:
1. Form Σ × I. 2. Add 1-handles along Σ × 1 if necessary so that ∂ + (result of step 1) is connected. 3. Add 2-handles to the result of step 2 along a collection of disjoint simple curves in ∂ + ( result of step 2) representing some basis for ℓ(Σ). 4. Add 3-handles to the result of step 3 along the 2-sphere components of ∂ + ( result of step 3). Let i Σ : Σ → P (Σ) be the inclusion. Note that H 0 (P (Σ)) ≈ Z, and H 2 (P (Σ)) ≈ Z β 0 (Σ)−1 . We have H 1 (P (Σ)) is free Abelian with rank 1 2 β 1 (Σ), and ℓ(Σ) is the kernel of i Σ * :
Definition 9. N : Σ → Σ ′ is called even if and only if
Otherwise N is called odd.
This definition does not depend on the choices made in constructing P (Σ) and P (Σ ′ ), as the homology computation of K(N ) is determined.
Theorem 3. The composition of two even morphisms is even. The composition of two odd morphisms is even. The composition of an even morphism and an odd morphisms (in either order) is odd.
Proof. Let N 1 : Σ→Σ ′ , and N 2 : Σ ′ →Σ ′′ be even morphisms in C. We wish to show that N = N 2 • N 1 : Σ→Σ ′′ is even. We may reduce to the case that β 0 (N 1 , Σ ′ ) = β 0 (N 2 , Σ ′ ) = 0. In this case, β 0 (K(N i )) = 1. Let W i denote simply connected 4-manifolds with boundary K(N i ), and signature w(N i ). Let W = W 1 ∪ P (Σ ′ ) W 2 . From the long exact sequence of the pair for (W i , K(N i )) and (W, K(N )), and from the 4-manifold interpretation of the weight of a composition, we have that
Because each N i is even, we have that
To show that N is even it suffices to show that
Because P (Σ ′ ) is connected and each W i is simply connected, we conclude using a Mayer-Vietoris sequence that β 1 (W ) = 0. Therefore
Therefore, using the long exact sequence for the pair (W, K(N )),
Similarly β 3 (W i ) = 0. We have the Mayer-Vietoris sequence for W as the union of W 1 and W 2 :
Recall we also have that
We can derive Equation 3 , by substituting in Equations 1, 2, 4, and 6 into Equation 5.
Note that the identity, id Σ : Σ→Σ, is an even morphism. This follows from Theorem 3, but also directly from the definition. Note the asymmetric treatment of Σ and Σ ′ . Thus the oriented manifold of N viewed as a morphism from −Σ ′ to −Σ may have a different parity than it does as originally viewed as a morphism from Σ and Σ ′ . In other words the choice of incoming and outgoing manifold is important data in a cobordism, which may affect its parity.
If N : Σ→Σ, letŇ : ∅→ − Σ ⊔ Σ denote the same manifold with the same weight and the same Lagrangian but with a different choice of source and target. Similarly defineN : −Σ ⊔ Σ→∅. Proof. The first statement follows from the 4-manifold interpretation of weights. The second statement holds because the parity change between N andŇ is the same as the parity change between id Σ and id Σ .
The following Proposition is needed in [9] 
Proof. It suffices to prove this when M is connected. If we equip M with the weight β 1 (M )+1, then M is even. So it is the closure of an even morphism N. SoM is the closure of the even morphism N d . It follows that w(M ) = β 1 (M ) + 1 mod (2). The result then follows from Proposition 2.
We let C + , C p + , and Cp + denote the subcategories of C, C p , and Cp, consisting of even morphisms. We let C ′ , C ′ p , and C ′p denote the subcategories of C, C p , and Cp with the same objects, but only targeted morphisms. We let C ′ + , C p 
a variant of the Blanchet-Habegger-Masbaum-Vogel TQFTs
Blanchet, Habegger, Masbaum, and Vogel [2] constructed 3-dimensional TQFT's (Z p , V p ) on a 3-dimensional cobordism category where instead of using Lagrangians and integer weights, as above, to remove anomalies, they used 'p 1 -structures.' These are versions of the Reshetikhin-Turaev TQFT associated to SU (2) (when p is even) and to SO(3) (when p is odd.) One can construct by the same procedure TQFTs (in the sense of Blanchet-Habegger-Masbaum-Vogel) on Cp, if p is odd and on C p , when p is even. One can also construct a quantization functor on C p , if p is odd which satisfies all their axioms except the tensor product axiom. This failure of the tensor product axiom leads to failure of the trace property.
These functors are defined over cyclotomic rings which include somewhat smaller order roots of unity: this is important for us. We will continue to denote the functors on C p by (Z p , V p ). We only consider the case p ≥ 3. These are functors to the category Mod(K p ) where
Here A p is a primitive 2pth root of unity, and α is a primitive 4pth root of unity, where A p = α 2 p . We let an element k p play the role of κ 3 in [2] . i.e. raising w(N ) by one multiplies Z p (N ) by k p . We have
One has that V p (Σ) is a free K p -module. A basis is given by the colored graphs described in [2, 4.11,4.14] . We have bilinear forms (whose adjoints are isomorphisms)
We also have a unimodular Hermitian form
Let Ω p be the linear combination over Z[A p ] of colored cores of a solid torus specified in [2, 5.8] . If M is a closed connected 3-manifold in C p , the associated quantum invariant < M > p can be described as follows. Let L be a framed link in S 3 which is a surgery description of M, and has signature w(M ), and say n components. The colored banded graph G can be described by a colored banded graph J in the complement of L. 
6. The (V + p , Z + p ) functors In this section we assume that p ≡ 1 (mod 4) or p ≡ 2 (mod 4). See [6] for some results related to the first part when r = p. In joint work with Joanna KaniaBartoszyńska, and Jozef Przytycki [9] , the second part is used to prove: Theorem 7. Let (M, G) be homology 3-sphere, with a p-colored banded graph which admits a nonfree smooth action of the cyclic group Z p , where G is disjoint from the fix point set. Then for some integer j :
A conjecture
We close this paper with a conjecture that the above work suggested. It is hoped that this work will help answer the conjecture. The conjecture for p = 5 has been solved in joint work with Thomas Kerler. We make use of his functor to FMod(D 5 ).
The inner rank of a group G is the maximal k such that there is an epimorphism of G onto the free group on k letters [17] . If M is an oriented connected three manifold, define c(M ), the cut number of M, to be the maximal number of oriented surfaces one can place in M and still have a connected complement. Jaco [11] showed that the inner rank of π 1 (M ) is the cut number of M. See also [13, Theorem 7.4.4] for a discussion of these matters. T.Cochran and P.Melvin [3] have studied the divisibility of I p (M ) by E p . Cochran-Melvin and the conjecture say the same thing when M is zero framed surgery along a boundary link with c components: E p c divides I p (M ).
